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Abstract 

We study stochastic differential games of jump diffusions, where the players have 
access to inside information. Our approach is based on anticipative stochastic cal¬ 
culus, white noise, Hida-Malliavin calculus, forward integrals and the Donsker delta 
functional. We obtain a characterization of Nash equilibria of such games in terms of 
the corresponding Hamiltonians. This is used to study applications to insider games in 
finance, specifically optimal insider consumption and optimal insider portfolio under 
model uncertainty. 


1 Introduction 

In this paper we present a general method for solving optimal insider games, i.e. optimal 
insider games problems where the players has access to some future information about the 
system. This inside information in the control processes puts the problem outside the context 
of semimartingale theory, and we therefore apply general anticipating white noise calculus, 
including forward integrals and Hida-Malliavin calculus. Gombining this with the Donsker 
delta functional for the random variable Y = {Yi, Y 2 ) which represents the inside information, 
we are able to prove both a sufficient and a necessary maximum principle for the optimal 
insider games of such systems. 
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We now explain this in more detail: 


The system we consider, is described by a stochastic differential equation driven by a 
Brownian motion B{t) and an independent compensated Poisson random measure N{dt, dQ, 
jointly defined on a filtered probability space (fi, F = P) satisfying the usual condi¬ 

tions. We assume that the inside information is of initial enlargement type. Specifically, we 
assume that the two inside filtrations representing the information flows available to 

player 1 and player 2, respectively, have the form 


II' = mt>o, where V F,, z = 1, 2 


(1.1) {eql.l} 


for all t, where h) is a given J^ 7 |,-measurable random variable, for some fixed Tq > T > t. 
Here the insider control process u{t) = {ui(t), U 2 it)), where Ui{t) is the control of player i; 
i=l,2. Thus we assume that the value at time t of our insider control process Ui{t) is allowed 
to depend on both Yi and = 1,2. In other words, Ui is assumed to be ff-adapted for 
i = 1,2. Therefore they have the form 


Ui{t,u) = Ui(t,Yi,uj) 


(1.2) {eql.2} 


for some function Ui : [0, T] x M x —)■ M such that Ui{t, yi) is F-adapted for each G M. 

For simplicity (albeit with some abuse of notation) we will in the following write Ui in stead 
of Ui] i = 1,2. Consider a controlled stochastic process X{t) = X^{t) of the form 

dX{t) = dX^{t) = b{t,X{t),ui{t),U2{t),Yi,Y2)dt + a{t, X{t),ui{t),U2{t),Yi,Y2)dB{t) 

+ lR'yit^X{t),ui{t)^Mi)^Yi^Y2X)N{dt,dC); t > 0 
X(0) = x{Y) G M, 

(1.3) {eq2.l} 

where Uiit) = Ui{t,yi)y^=Y^ is the control process of insider v,i = 1,2, and the (anticipating) 
stochastic integrals are interpreted as forward integrals, as introduced in jRVj (Brownian 
motion case) and in |DM0Pl] (Poisson random measure case). A motivation for using 
forward integrals in the modelling of insider control is given in |B0j . Let Ai denote a given 
set of admissible H*—adapted controls Ui of player i, with values in Aj C M'^, d > 1; z = 1, 2. 

Denote U = Ai x A 2 . Then X{t) is F V hi V L 2 -adapted. The performance functional 
Ji{u);u = {ui, U 2 ) of player z is defined by, writing y = (z/i, ^ 2 ) and dy = dyidy 2 . 

Mu) = E[[ fMX{t),uM),Mt),y)dt + g^{X{T),Y)] 


= E[ / {/ fi{t,x{t,yi,y2),Ui{t,yi),U2{t,y2),y)E[6Y,,Y2iyi^y2)\M]dt 

Jo 

+ gi{xiT,yi,y 2 ),yi,y 2 )E[ 6 Y,,Y 2 {yi,y 2 )\XT]}dy]; z = l,2. (1.4) 

A Nash eguilibrium for the game fl3.3l) - fl3.8p is a pair u = {ui,U 2 ) G Ai x A 2 such that 

sup Ji{ui,U 2 ) < Ji{ui,U 2 ) (1.5) {eq2.10} 

u\&Ai 
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and 


(1.6) {eq2.1l} 


sup J 2 {Ui,U 2 ) < J 2 {Ui,U 2 ). 

U2£A2 

We use the Donsker delta functional of y = (W, Y 2 ) to find a Nash equilibrium for the game 
Here is an outline of the content of the paper: 


• In Section 2 we dehne the Donsker delta functional. 

• In Section 3 we present the general insider optimal control problem for the stochastic 
differential games. 

• In Sections 4 and 5 we present a sufficient and a necessary maximum principle, respec¬ 
tively, for the insider game problem. 

• In Section 6 we present the zero-sum game case where we distinguish two situations: 
Situation 1: Both players are still maximizing their own performance functional and sit¬ 
uation 2: One of the players is maximizing and the other is minimizing the performance 
functional and we write the sufficient and necessary maximum principle corresponding 
for each situation. 

• Then in Section 7 we illustrate our results by applying them to optimal insider con¬ 
sumption and optimal insider portfolio under model uncertainty. 


2 The Donsker delta functional 

Definition 2.1 Let (Yi,y 2 ) : 0^ ^ M 6e a pair of random variables which also belongs to 
(iS)* . Then a continuous functional 


dYi,Y2^-') • IK. X M. —y (iS)* 

is called a Donsker delta functional of (Yi, Y 2 ) if it has the property that 


( 2 , 1 ) 


s(yi,tl2)iY,,Ya(yi,V2)dyidy2 = 9(^1,n) a.s. 


( 2 , 2 ) 


for all {measurable) 9 : > M such that the integral conuerges. 

For more information about the Donsker delta function and some explicit formulas for it, 
see |Dr0 . 


{donsker} 


{donsker pi 
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3 The general insider optimal control problem for the 
stochastic differential games 

In this section, we formulate and prove a sufficient and a necessary maximum principle 
for general stochastic differential games (not necessarily zero-sum games) for insiders. The 
system we consider, is described by a stochastic differential equation driven by a Brownian 
motion B{t) and an independent compensated Poisson random measure N{dt,d(^), jointly 
dehned on a filtered probability space (f2,F = {J^t}t>o,P) satisfying the usual conditions. 

We assume that the inside information is of initial enlargement type. Specihcally, we assume 
that the two inside hltrations representing the information flows available to player 

1 and player 2, respectively, have the form 

W = {ni}t>o, where ni = TtyY^, z = l,2 (3.1) {eql.l} 

for all t, where h) is a given J^T’-measurable random variable, for some fixed T > t. Here the 
insider control process u{t) = (ni(t), U 2 (t)), where Ui{t) is the control of player i; i=l,2. Thus 
we assume that the value at time t of our insider control process Ui{t) is allowed to depend 
on both Yi and = 1,2. In other words, Ui is assumed to be ff-adapted for z = 1,2. 

Therefore they have the form 

Ui{t,u}) =Ui{t,Yi,u) (3.2) {eql.2} 

for some function Ui : [0, T] x M x 12 ^ M such that Ui{t, Ui) is F-adapted for each yi G M. 

For simplicity (albeit with some abuse of notation) we will in the following write Ui in stead 
of Ui] z = 1, 2. 

Consider a controlled stochastic process X{t) = X^{t) of the form 

r dX{t) = dX^{t) = b{t,X{t),ui{t),U 2 {t),Yi,Y 2 )dt + a{t,X{t),ui{t),U 2 {t),Yi,Y 2 )dB{t) 

{ + lRli't,X{'t),M't),Mt),Yi,Y 2 ,C)N{dt,dC)] t >0 

[ X(0) = X, X G M, 

(3.3) {eq2.l} 

where Ui{t) = Ui{t,yi)y.=Yi is the control process of insider z; z = 1,2, and the (anticipating) 
stochastic integrals are interpreted as forward integrals, as introduced in |RVj (Brownian 
motion case) and in [DM0Pi] (Poisson random measure case). A motivation for using 
forward integrals in the modelling of insider control is given in [B0j . Let Ai denote a given 
set of admissible H*—adapted controls Ui of player z, with values in Aj C d > 1; z = 1, 2. 

Denote U = Ai x A 2 . Then X{t) is F V Fi V y 2 -adapted, and hence using the dehnition of 
the Donsker delta functional (jyi,y 2 ( 2 /i, 2 / 2 ) of ( 11 , 12 ) we get 

X{t) = x{t,Yi,Y2) = x{t,yi,y 2 )y^=YYy 2 =Y 2 = I a^(C?/i,l/ 2 )dyi,y 2 (z/i,z/ 2 )dz/idz /2 (3.4) {eq6} 

for some z/i,z/ 2 -parametrized process x(f,z/i,z/ 2 ) which is F-adapted for each z/i,z/ 2 - Then, 
again by the definition of the Donsker delta functional and the properties of forward inte- 
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gration f |Dr 0 | ), we can write 

X{t)=x+ [ b{s,X{s),Ui{s),U2{s),Yi,Y2)ds + [ a{s, X{s),Ui{s),U2{s),Yi,Y2)dB{s) 


j{s,X{s),ui{s),U 2 {s), Yi, Y 2 , ON{ds, dQ 


= x+ b{s,x{s,Yi,Y2),Ui{s,Yi),U2{s,Y2),Yi,Y2)ds 


a(s, x(s, Yi, F 2 ), Mi(s, Yi),U 2 {s, Y 2 ), Fi, Y 2 )dB{s) 



+ 



7(s, x(s, Fi, F2), ni(s, Fi), n2(s, F2), Fi, F2, ON{ds, dQ 


= x+ b{s,x{s,yi,y 2 ),ui{s,yi),U 2 {s,y 2 ),yi,y 2 )yi=Yuy 2 =Y 2 ds 

Jo 

+ / a{s,x{s,yi,y 2 ),ui{s,yi),U 2 {s,y 2 ),yi,y 2 )yi=Yuy 2 =Y 2 dB{s) 


+ 


= X 



7(s, x(s, yi, y2),ui{s, yi),U2{s, 2/2), ?/i, 2/2, C)j/i=n,?/2=i2^(c^s, dQ 

b{s, x(s, 2/1,2/2), Mi(s, yi),U 2 (s, 2/2), 2/1, y 2 )dYi,Y 2 (yi, y 2 )dyidy 2 ds 
0 




'0 



>0 Jr^ 

= X + 
rt 


a(s, x(s, 2/1,2/2), Ml(s, yi),U 2 (s, 2/2), 2 /i, y 2 )dYi,Y 2 (yi, y 2 )dyidy 2 dB{s) 

Jis, x(s, 2/1,2/2), Mi(s, 2/1), M2 (s, 2/2), 2/1, ?/2, 0 SYuY 2 iyYy 2 )dyidy 2 N{ds, dQ 
b{s, x(s, 2/1, 2/2), Ml(s, 2/1), M2 (s, 2/2), 2/1, 2/2)c?s 



R2 Jo 


'0 


+ 


(t(s, a:(s, 2/1,2/2), Mi(s, 2 /i), ^2(5,2/2), 2 /i, y2)dB{s) 


7(s, x(s, 2/1,2/2), Mi(s, 2/1), M2 (s, 2/2), 2/1,2/2, ON{ds, ciC)]<^yi,12(2/1, y 2 )dyidy 2 



( 3 . 5 ) {eq 7 } 


Comparing fl 3 . 4 p and ( 13 . 51 ) we see that ( 13 . 41 ) holds if we choose x{t,y) for each y = (2/1,2/2) 
as the solution of the classical SDE 

dx{t,yi,y2) = b{t,x{t,yi,y2),Ui{t,yi),U2it,y2),yuy2)dt 
+ o-(^, 2/1,2/2), Mi(^, 2/1), M2(C 2/2), 2/1, 2/2 )c(-S(/:) 


+ / 7(^,a^(C2/i,2/2),Mi(/:,2/i),M2(i,2/2),2/i,2/2,C)^(c?^,c?C); ^>0 


(3.6) {eq8} 

(3.7) 


a:( 0 , y) = X, a: G M, 
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The performance functional Ji{u)] u = (mi, U 2 ) of player i is defined by 


Mu) = E[[ Mt,x{t),uM),Mt))dt + MX{T))] 
Jo 


= H { Mt,x{t,yi,y2),ui{t,yi),,U2{t,y2),yi,y2)E[6YiMyi 

Jr^ Jo 

+ giixiT,yi,y2),yi,y2)EMMyYy2)\X'T]}dy]; i = l,2. 

A Nash eauilibrium for the eame fl3.3p-fj3.8p is a nair u = (m. uo) ^ A^ x Ao 

,V 2 )\r,]dt 

(3,8) 

such that 


sup Ji{ui,U 2 ) < Ji{ui,U 2 ) 

u\&Ai 

(3,9) 

{eq2.10} 

and 

sup J 2 {Ui,U 2 ) < J 2 {Ul,U 2 )- 

(3,10) 

{eq2.1l} 


U 2 GA .2 


4 A sufficient maximum principle 

The problem fl3.9p - fl3.10p is a stochastic differential game with a standard (albeit parametrized) 
stochastic differential eqnation fl3.6l) for the state process x{t, yi, 2 / 2 ), bnt with a non-standard 
performance fnnctional given by fl3.8p . We can solve this problem by a modified maximnm 
principle approach, as follows: 

Dehne the Hamiltonians i/i:[0,T]xMxMxRxUxRxMx7^xr2—)-Mby 


Hi{t,x,yi,y2,Ui,U2,p,q,r) = H{t,x,yi,y2,Ui,U2,p,q,r,cj) 

= MM,Y2iyi^y2)\M]fiit,x,ui,U2,yi,y2) + b{t,x,ui,U2,yi,y2)p 

+ a{t,x,ui,U 2 ,yi,y 2 )q+ / ^{t,x,ui,U 2 ,yi,y 2 )r{tX)i'{dC)-,i = 1,2. (4.1) {eqll} 

Jr 


Here TZ denotes the set of all fnnctions r(.) : R —)■ R snch that the last integral above 
converges. For i = 1,2 we define the adjoint processes pi{t,yi,y 2 ),qi{t,yi,y 2 ),ri{t,yi,y 2 ,C) 
as the solution of the yi, y 2 -parametrised BSDEs 


f dpi{t,yi,y2) = -^{t,yi,y2)dt + qi{t,yi,y2)dB{t) + Mri{t,yi,y2,ON{dt,dC); 

1 PiiT,yi,y2) = g'iixlT,yi,y2),yi,y2)E[6Y,,Y2iyi^y2)\J^T] 

Let Ji{u{.,yi,y 2 )) be dehned by 


0 < t < T 

(4.2) {eql2} 


Ji{u{.,yi,y2)) = E[ fi{t,x{t,yi,y2),ui{t,yi),U2{t,y2),yi,y2)E[dY,,Y2iyi^y2)\M]dt 


gi{x{T, yi, 2 / 2 ), ?/i, y2)MM,Y2 ( 2 / 1 , 2 / 2 ) \Xt]] 


(4.3) {J(u)2} 
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Then we see that 



Ji{ui,U2)= / / Ji{u{.,yi,y2))dyidy2 


(4.4) 


The insider game problem can therefore be written as follows: 

Problem 4.1 For each yi,y 2 G M, find , yi), , y 2 )) G .Ai x .4,2 such that 


sup 




Ji{ui{.,yi),ul{.,y 2 ))dyidy 2 < / / Ji{ul{.,yi),u* 2 {.,y 2 ))dyidy 2 (4.5) {eq2.15} 


and 


sup 

U 2 i-,y 2 )^A 2 




M'‘J^ii.-,yi)^U 2 {.,y 2 ))dyidy 2 < J 2 {ul{.,yi),u *2 {.,y 2 ))dyidy 2 (4.6) {eq2.l6} 


To study this problem we present two maximum principles for the corresponding games. 
The hrst is the following: 

Theorem 4.2 [Sufficient maximum principle] 

Let ( 41 , 42 ) e 4 I 1 X 4 I 2 with associated solution x{t,yi,y 2 ),Pi{t,yi,y 2 ),qi{t,yi,y 2 ),ffit, yi,y 2 X) 
of fl3.6l] and fl4.2p .- i=l,2. Assume that the following hold: 

1. X ^ gfix) is concave; i = 1,2 

2. The functions 


nfix) = sup / Hfit,x,yi,y2,ui,U2{t,y2),pi{t,yi,y2),qfit,yi,y2),rfit,yi,y2,-))dy2 

ttiSvAi Jr 

(4.7) 

and 

n2{x) = sup / H2{t,x,yi,y2,ufit,yi),U2,P2{t,yi,y2),q2{t,yi,y2),r2{t,yi,y2,-))dyi 

U2 £-4-2 J IR. 

(4.8) 

are concave for all t, yi, y 2 


3. 


sup / Hi{t, x(f , yi,y 2 ),ui, U 2 {t, 1/2) , pi(f , |/i , 2/2) , (4 ?/i, 2/2), (4 yi,y 2 ,-))dy 2 


uiGAi 


= / Hi{t,x{t,yi,y2),ui{t,yi),U2{t,y2),pfit,yi,y2),qfit,yi,y2),rfit,yi,y2,-))dy2 

JR 

forallt,yi. (4.9) 
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I 


sup / H2{t, x{t, yi, y2),ui{t, yi),U2,P2{t, y^, 2/2), g2(i, 2/1,2/2), r2(i, Vi, 2/2, ■))dyi 


U2GA2 , 


= / H2{t, x{t, 2/1,2/2), Ml(^, 2/1), M2(t, 2/2),P2(t, 2/1, 2/2), g2(i, 2/1, 2/2), r2(t, 2 /l, 2/2, •))c? 2 /i 
Jr 

forallt,y2- ( 4 - 10 ) 


T/ien (u^(., 2/1), M2(., 2/2)) := (mi(., 2/1), M2(., 2/2)) a A^as/i equilibrium for the problem f| 4 . 5 p - 

gH). 

Proof. By considering an increasing sequence of stopping times converging to T, we 
may assume that all local integrals appearing in the computations below are martingales 
and have expectation 0 . We omit the details in this argument. See | 0 S 2 j . 

We hrst prove that 



sup / / Ji(Mi(.,2/i),M2(.,2/2))d2/iC^2/2 < / / Ji(Mi(.,2/i),M2(-,2/2))d2/id2/2 ( 4 . 11 ) {eq 2 . 17 } 

ui{.,yi)eAi 

Choose arbitrary ui{.,yi) G Ai and let us in the following, for simplicity of notation, put 
x(t,2/i,2/2) = x^^’^^{t,yi,y2),x{t,yi,y2) = a:“i’“2(t,^2/i, 2/2), 

bit, 2/1,2/2) = bit, xit, 2/1,2/2), Ml(t, 2/1), M2(t, 2/2), cu), 6(2,2/1,2/2) = bit, xit, 2/1,2/2), Mi(2 ,2/1), *2(2,2/2), m;) 
and similarly with a(2,1/1,2/2), d(2,2/1,2/2), 7(^, 2/i, 2/2, C), 7(i, 2/i, 2/2, C) and :r(2,2/1,2/2) = a;(2,1/1,2/2)- 
£( 2 ,2/1,2/2)- Let us also put 

8/2), Ml(i,9l).M2(i. !,2),5l(i. 91,92). 91 , 92 , ■)) 

( 4 . 12 ) 

and 

ffi(l, 91,92) = 14i(l, 1(1,91,92), 91,92,Ml(i,9i).“2(1.92).pi(l, 91.92), i)i(i.91,92).n(i.91,92, ■)) 

( 4 . 13 ) 

Consider 

[Ji(mi(., 2/1), M2(., 2/2)) - ./i(mi(., 2/1), M2(., 2/2))]d2/id2/2 = h + h. 


where 

h = 




and 


h = 


/ {/i(La:( 2 ,2/1,2/2), Mi( 2 ,2/1), {12(2,2/2)) - /i( 2 ,h( 2 , 2 /i, 2 / 2 ),Mi( 2 , 2 /i),M 2 ( 2 , 2 / 2 ))} 

Jo 

E [(^n ,y2 (2/1,2/2) I A't] dt] dyi dy2 

( 4 . 14 ) {!_!} 


E[{^i(x(r, 2 /i, 2 / 2 )) - gimT,yi,y2))}E[6Y,,Y2iyi,y2)\J^T]]dyidy2. ( 4 . 15 ) {l_ 2 } 









By the definition of Hi we have 


h = 



/ {Hi{t,yi,y2) - - Fi(t, 2/1, 2 /i, 2/2) - 5 i(t, 2/1, 2 / 2 )( 7 (t, Mi, ^2, 2 /i, 2/2) 


ri{t, 2/1,2/2, C) 7 (^, 2/1,2/2, Cy{dC)}dt]dyidy2. 


(4.16) 


Since gi is concave we have 


l 2 < 





^[9'i{x{T, 2/1, 2/2))E['^Vi,V2(2/i, y2)\d^T]x{T, 2/1, y2)]dyidy2 

E[pi(T, yi, 2/2 )x(T, yi,y 2 )]dyidy 2 


E[ / Pi{t,yi,y2)dx{t,yi,y2) + x{t,yi,y2)dpi{t,yi,y2) + d[pi, x]t\dyidy2 


'0 


'0 


'0 



/ Pi(t,yi,y2)(&(i,yi,2/2)rfi + o-(t,yi,y2)fi5(i) + / jit,yi,y2,0N{dt,dC)) 

Jo Jr 

^ dHi 


(4.17) {II_2} 


7 ^^■(^’2/i,2/2)a;(^,2/i,2/2)<^i + j qiit,yi,y2)x{t,yi,y2)dB{t) 

+ / x{t,yi,y 2 )h{t,yi,y 2 ,C)N{dt,dC) + ci(^, 2/i, 2/2)5i(t, 2/i, 2 / 2 )*^^ 

Jo Jk Jo 

+ / / 7(^,yi,2/2,C)^i(^,2/i,2/2,C)«^(c^C)c^^ + / / 7(^,2/i,2/2,C)^i(^,2/i,2/2,C)^('^^,c^C)]c^2/i'^2/2 

/•T ^ /•T 

E[ / pi(t,yi,y2)ft(t,2/i,2/2)t^i- / ^r::^(^, 2/i, 2/2)S(t, 2/i, 2 / 2 )^?^ + / a(t, yi, y2)gi(t)c^^ 



+ 


Jo 

7(^, 2/1,2/2, C)n(^, 2/1,2/2, C)j^(c^C)c^^]c^2/if^2/2- 


Adding fl4.16p - fl4.17p we get, by concavity of Hi, 


[Ji(wi(.,yi),M2(-,2/2)) - ^i(wi(.,yi),M2(-,2/2))]hyidy2 


aJ7i 



< 



E[ I {Hi{t,yi,y 2 ) - Hi{t,yi,y 2 ) --^{t,yi,y 2 )x{t,yi,y 2 )}dt]dyidy 2 (4.18) {eq2.28} 


Since 7Ji(x) is concave, it follows by a standard separating hyperplane argument that there 
exists a supergradient a G M for H,i{x) at x = x{t, yi, y 2 ) such that if we define 


then 


(j){x) = Hiix) - Hi{x{t,yi,y 2 )) - a(x - x{t,yi,y 2 )) 
0(x) < 0 for all X 


(4.19) 

(4.20) 
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On the other hand, we clearly have 


it‘(x(t,yi,V2)) = 0 


(4.21) 


it follows that 
dUi 


{x{t,yi,y 2 )) = 


dHi 


dx Jk dx 

Combining this with fld.lSp . we get 


{t,x{t,yi,y2),Ui{t,yi),U2{t,y2),p{t,yi,y2),q{t,yi,y2),r{t,yi,y2,0dy2 = a 

(4.22) 



yi), U 2 {., 2 / 2 )) - yi),U 2 {-, y 2 ))]dyidy 2 


dx 


r ^ - di-L 

< / [Hi{x{t,yi,y2)) -'Hi{x{t,yi,y2)) - ^^{x{t,yi,y2)){x{t,yi,y2) - x{t,yi,y2))]dyidt 
Jo Jr 

< 0 since Hi is concave. 

Hence 


(4.23) 




sup / / Ji{ui{.,yi),U 2 i.,y 2 ))dyidy 2 < / / Ji{ui{.,yi),U 2 {.,y 2 ))dyidy 2 (4.24) {eq2.l7} 


□ 


4.1 The case when only one of the players is an insider. 

It is useful also to have a formulation in the partly degenerate case when only one of the 
players, say player number 1, has inside information. Then the control of player 1 is Hi- 
adapted as before, while player 2 is F-adapted. In this case we dehne the Hamiltonians 
Hi : [0,T] X R X R X U X R X R X TZ X ^ R hj 


Hi{t,x,yi,Ui,U2,p,q,r) = H{t,x,yi,Ui,U2,p,q,r,u) 

= E[6Yi{yi)\J^t\fi{t,x,ui,U2,yi) + b{t,x,ui,U2,yi)p 

+ a{t,x,Ui,U 2 ,yi)q+ / j{t,x,Ui,U 2 ,yi)r{tX)i^{dC)]i = 1,2. (4.25) {eq2.35} 

Jr 


Here, as before, TZ denotes the set of all functions r(.) : R —)■ M such that the last integral 
above converges. For i = 1,2 we dehne the adjoint processes Pi{t,yi),qi{t,yi),ri{t,yi,() as 
the solution of the 2 / 1 -parametrised BSDEs 


f dpi{t, yi) = -^{t, yi)dt + qi{t, yi)dB{t) + /j^ ri{t, yi, C,)N{dt, dQ] 0 < f < T 

1 Pi{T,yi) = ^'(a;(T, 2 / 1 ), 2 / 1 )( 2 / 1)1 Jt] 


(4.26) {eq2.36} 
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Let Jj(w(.,|/i)) be defined by 


= E[[ fi{t,x{t,yi),ui{t,yi),U2{t),yi)E[SYAyi)\J^t\dt 
Jo 

+ 9 i{x{T,yi), yi)E[ 6 Y, {yi) \J^t]] 

Then we see that 


Ji (^1; ^ 2 ) 


Ji{u{.,yi))dyi. 


(4.27) {eq2.37} 

(4.28) {eq2.38} 


Theorem 4.3 [Sujficient maximum principle with only one insider] 

Suppose Y 2 = 0, i.e. player number 2 has no inside information. Let {ui, U 2 ) ^ AiX A 2 with 
associated solution x{t,yi),pi{t,yi), qi{t,yi), flit, yiX) of fl3.6p and fl4.2p .' i=l,2. Assume 
that the following hold: 

1. X ^ gi{x) is concave; i = 1, 2 


2. The functions 

'Hi(x) = sup Hi{t,x,yi,ui,U2it),pi{t,yi),qi{t,yi)Aiit,yir)) 

and 

772(x) = sup / H2{t,x,yiAiit,yi),U2,P2{t,yi),q2{t,yi)A2{t,yi,-))dyi 

U2(zA2 

are concave for all t. 

3. 

sup Hi (t, x{t, yi),Ui,U2{t),pi{t, yi),qi{t, yi),fi{t,yi,-)) 

uiGAi 

= Hi[t, x{t, yi),ui (t, yi), U 2 (t),pi (t, yi),qi (t, yi),riit,yir)) 
for all t. 


(4.29) 


(4.30) 


(4.31) 


4- 


sup / H2{t,^t,yi),ui{t,yi),U2,Mt,yi),%{t,yi),f2{t,yi,-))dyi 


U 2 GA .2 . 


= / H 2 {t,x{t,yi),ui{t,yi),U 2 {t),p 2 {t,yi),%{t,yi),r 2 {t,yi, ■))dyi 
Jr 

for all t. (4.32) 


Then {ul{.,yi),U 2 {.)) := (mi(-, |/i), W2(-)) ® Nash equilibrium for the problem (14.51) - fl4.61) . 

Proof. The proof is similar to the proof of Theorem 2.2 and is omitted. □ 
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5 A necessary maximum principle 

We proceed to establish a corresponding necessary maximum principle. For this, we do not 
need concavity conditions, but in stead we need the following assumptions about the set of 
admissible control values: 


• Ai. For all to G [0,T],yi G M and all bounded -measurable random variables 
ai{yi,uj), the control 9i{t,yi,u) := l[to,T](t)ai{yi,u) belongs to At for i = 1,2. 

• A 2 . For all Ui] A G Ai with Ai't, yi) < K < 00 for all f, yi dehne 

= -^dist{{ui(t,yi),dA) A 1 > 0 (5.1) 

ZK 

and put 

/3i{t, yi) = Si{t, yi)l3l{t, yi). (5.2) 

Then there exists d > 0 such that the control 

Ui{t, yi) = Ui{t, yi) + a/3i(t, yi)] t e [0, T] 

belongs to Ai for all a G (—5, d) for i = 1, 2. 


y43. For all (3i as in fl5.2l) the derivative processes 


and 


Xiit,yi,y 2 ) ■= 

da 


X2it,yi,y2) ■= ■^x^^^'^^+'^^^\t,yi,y2)\a=o 


exists, and belong to L^(A x P) and 


and 


dxi{t,yi,y2) = [^{t,yi,y2)xi{t,yi,y2) + ^{t,y)/3i{t,yi)]dt 
+ [^{t,yi,y2)xi{t,y) + ^{t,yi,y2)A{t,yi)]dB{t) 

+ C)xi(^, 2 / 1 , 2 / 2 ) + §^{t, 2 / 1 , 2 / 2 , C)A{t, yi)]N{dt, dC) 

Xi(0,2/I,y2) = £a;(“i+“^i’“=)(0,yi,2/2)|a=o = 0. 


dx2{t,y) = [^{t,yi,y2)x2{t,yi,y2) + ^{t,yi,y2)l32{t,y2)]dt 

+ [|y(t,2/i,2/2)X2(t,2/i,2/2) + |^(t, 2 / 1 ,2/2)/32(t, 2/2)]d5(t) 

+ / r [& (^’ y^’ 2/2, 0X2{t, 2/1,2/2) + 2/1,2/2, 0^2{t, y2)]N{dt, dC) 

x(0,2/i, 2/2) = £2:(“i’“=+“/^=)(0,2/i,2/2)|a=o = 0. 


(5.3) 


(5.4) 


{delta} 

{beta(t,y)] 


{d chi} 


{d chi2} 
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Theorem 5.1 [Necessary maximum principle] 

Let (til, M 2 ) e . 4,1 X 4 , 2 . Then the following are equivalent: 

+ aPi,U 2 )\a=odyidy 2 = £ f^f^J 2 (ui,U 2 + a/32)ja=odyidy2 = 0 for all 
bounded fdi G Ai of the form H5A) . 


2 . 


dH^ 

dvi 


(t, , t/i, t/2) , til, U2 (t, 2/2) ) Pi (^) Vly 1/2) ) Qlify Uli 2/2) ) ^1 (^) Vli y 2 ) •) ) ^ 2 / 2 ]di=mi {t,yi) 


dH 2 


Jr dv2 
= 0 VtG[0,T] 


(t, x(ty t/i, t/2) , til (t, 2/1)) ^ 2 ) ) P2(^) 2/1) 2/2)) Q' 2 (^) J/l) ?/ 2 ) ) ^2(^5 ?/l) ?/ 2 ) •))^?/l]^!2=^i2(ijJ/2) 

(5,5) 


Proof. By considering an increasing sequence of stopping times converging to T, we 
may assume that all local integrals appearing in the computations below are martingales 
and have expectation 0. See |0S2] . 

We can write 


jL 

da 


4 (til + 0/^1, U2)\a=odyidy2 — Ii + I 2 


where 


d (* (* 

di = ^ H fi{'t,x^"^''^^{t,yi,y 2 ),ui{t,yi) + a/3i{t,yi),U2{t,y2),yi,y2) 

Jo 

^dYiMyiN2)\J^t\dt] \a=odyidy2 (5.6) 


and 

^2 = W / [ ®^[^l(^^“'^“^'’“'n^:?/l,?/2),2/l,2/2)E[5yi,y2(t/l,?/2)|JT]]|a=0C??/lt^2/2. 
da jjR 

By our assumptions on fi and gi and by fl4.2p we have 

h = [ {^{t,yi,y 2 )xi{t,yi,y 2 ) + ^{t,yi,y 2 )^i{t,yi)}E[SY,,Y 2 iyi,y 2 )\J^t\dt]dyidy 2 

Jr Jr Jo dx dui 

(5.7) {iiil} 


I 2 = 




^9iix{T, yi, t/ 2 ), yi, y 2 )xi{T, t/i, t/ 2 )IE[hYi,r 2 (t/i, y 2 )\T'T]]dyidy 2 
E[Pi(r, yi,y2)xiiT, t/i, t/2)]dt/idt/2 


(5.8) {iii2} 
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By the Ito formula 


h = 


+ 



E[pi(T, 2/1, ?/2)xi(r, 2/1, y 2 )]dyidy 2 




E[ / Pi{t,yi,y2)dxi{t,yi,y2)+ I Xi{t,yi,y2)dpi{t,yi,y2)+ j d[xi,Pi]{t,yi,y2)]dyidy2 

(5.9) 


db db 

E[ / Pi{t,yi,y2){^{t,yi,y2)xi{t,yi,y2) + -^{t,yi,y2)Pi{t,yi)}dt 


V*"? 

util 

f*'T' (9((J 

Pi(tyi,?/2){^(t?/i,l/2)Xi(t?/i,2/2) + ^{t,yi,y2)Pi{t,yi)}dB{t) 

f dx dx 

J Pi{t,yi,y 2 ){-^{t, 2 / 1 , 2 / 2 , C)xi(t yi, 2 / 2 ) + 2 / 2 ,C)/3i(t2/i)}^(c^tc^C) 

cT (9yy 

Xi(t2/i,2/2)-^(t2/i,2/2)(it + / Xi(t,2/i,2/2)gi(t2/i,2/2)c?-S(t) 

r*T /• 

/ Xi(t 2 / 1 , 2 / 2 )n(t 2 / 1 , 2 / 2 , t^C) 

) Jr 

(*T 

gi(t 2 / 1 , 2 / 2 ){^(t 2/)Xi(t 2 / 1 , 2 / 2 ) + 2 / 1 ,2/2)/3i(t 2/i)}c^^ 

) UX UUi 

f dx dx 

J ^ Q^{C)dt]dyidy 2 

TT-r / \r / \ 9 b, , , n^CT/ n 5 .^ 1 / X 

E[ / Xi(t2/i,2/2){Pi(t2/i,2/2)^(t2/i,2/2) + gi(t 2/i, 2/2)Tr ?/i> 2 ^ 2 ) - -7^{t,yi,y2) 


(5.10) 



5a: 


5a: 


dx 


^ 57 

2/1,2/2, C)n(t 2/1,2/2, 

/5i(t 2/i){Pi(t 2 / 1 , 2 / 2 )-^(t 2 / 1 , 2 / 2 ) + gi(t 2 / 1 , y 2 )^{t, 2 / 1 , 2 / 2 ) 


57 

5-ui 


5tii 

(t 2 / 1 , 2 / 2 , C)^i(t 2 / 1 , 2 / 2 , C)^ 2 ((iC)}c^^]o? 2 /iO? 2/2 


5tii 



E[- [ Xi{t,yi,y2)^^SY,,Y2iyi^y2)\J^t]dt 


dx 


dHi 5 fi 

~ ^(t2/i,2/2)E[hyi,y2(2/i,2/2)|-7^t]}/3i(t2/i)c^^]c?2/iC^2/2 


= -I1 + 



E[ 


dHi 

du^ 


(t 2 / 1 ,2/2)/3i(t 2 /i)c^i]f^ 2 /i'^ 2 / 2 - 


(5.11) 


d 

da 


Summing fl5.7p and fl5.9p we get 

Ji(mi + a/3i,U2)|a=oh2/id2/2 = t + /2 = 




E[ 


dHi 

dui 


(t 2 / 1 , 2 / 2 ) A(t 2 /i)c^^]c^ 2 /i<^ 2 / 2 - 
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we conclude that 


if and only if 


d 

da 




Ji{ui + a/3i,U2)\a=odyidy2 = 0 


dHi 


E[ j yi,y 2 )^i{t, yi)dt]dyidy 2 = 0 

for all bounded /5i G Ai of the form fl5.2p . 

Changing the order of integration we can write this as follows: 


E[ 


where 


I Fi{t,yi)l3i{t,yi)dtdyi] = 0, V/3i e Ai 

R 

r. / ^ f dHi^ 

Fi{t,yi) := j^-^{t,yi,y 2 )dy 2 . 


(5.12) 


(5.13) 


In particular, applying this to yi) = 9i{t, yi) as in ^41, we get that this is again equivalent 
to 

E[Fi(t,yi)|Ji] = 0, Vt,yi. 

Since Fi{t,yi) is already J^f-adapted, we have 


So we deduce that 


Fi{t,yi) = 

A similar argument gives that 


HFi{t,yi)\Ft\ = Fi{t,yi), Vt,yi. 
'■ dHi 


dui 


{t,yi,y 2 )dy 2 = 0 , 


^ ^ 2 (mi, U 2 + al32)\a=odyidy2 = 0 for all bounded /52 G A 2 



is equivalent to 


dH 2 

duo 


(t,yi,y2)dyi = 0, Vt,y2, 


( 5 . 14 ) 

( 5 . 15 ) 


where 

dH 2 


du 2 
_ dH 2 
dV 2 


{t,yi,y 2 ) 

(t, x(t, y \, r/2) , Ux(ty 1/1) , V2 , P2 (t, 1/1, 2/2)) *?2 (C ?/l) 1/2) ) ^2 (C ?/l) 1/2) •')')V 2 =U 2 {t,y 2 ) • ( 5 . 16 ) 

□ 
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6 The zero-sum game case 

In the zero-sum case we have 



Ji{ui{.,yi),U 2 {.,y 2 )) + J 2 {ui{.,yi),U 2 {.,y 2 ))dyidy 2 = 0. 


( 6 . 1 ) 


Then the Nash equilibrium (-Ui(.,|/i),-U2(-,I/2)) ^ Ai x A2 satisfying fl 4 . 5 p - fl 4 . 6 l) becomes a 
saddle point for 


J{ui{.,yi),U 2 {.,y 2 ))dyidy 2 -.= Ji{ui{.,yi),U 2 {.,y 2 ))dyidy 2 . (6.2) 




To see this, note that fl 4 . 5 p - fl 4 . 6 l) imply that 

/ Ji{ui{-,yi),U2{-,y2))dyidy2 < Ji{ui{-,yi),U2i.,y2))dyidy2 = - J2{ui{-,yi),U2{.,y2))dyidy2 

2m2 JR2 J]R2 

<-/ J 2 {ui{.,yi),U 2 {.,y 2 ))dyidy 2 
Jm '2 

( 6 . 3 ) 

and hence 


/ J{ui{.,yi),U 2 {.,y 2 ))dyidy 2 < J{ui{.,yi),U 2 {.,y 2 ))dyidy 2 < J{ui{.,yi),U 2 {.,y 2 ))dyidy 2 

JR2 JR2 Jr2 

(6,4) 

for all ui,U2. From this we deduce that 

inf sup / J{ui{.,yi),U2{.,y2))dyidy2 < sup / J{ui{.,yi),U2{.,y2))dyidy2 

U 2 &A 2 ui&Ai JR2 ui&Ai JR2 

< / J{ui{.,yi),U2{-,y2))dyidy2 < inf / J{ui{.,yi),U2{.,y2))dyidy2 

./r 2 tl2G.A2 /to2 


< sup inf / J(ni(.,yi),M2(-,2/2))d2/id|/2- 

Ui&Al “26.42 ^1^2 

Since we always have inf sup > sup inf, we conclude that 


(6.5) 


inf sup / J(ui(,,!ii),ti2(.,!/2))(i!/i<i!i2 = sup / J{ui(.,yi),U2(.,y:i))dyidy2 

U 2 GA 2 uiGAi Jr 2 lilSvAl Jr2 

= / -^(mi(-,I/i), W2(.,|/2))d2/idy2 = inf / T(hi(., ?/i), M2(-, ?/2))dyid2/2 

JR2 M2G.42 y]g2 

= sup inf / J(Mi(.,|/i),n2(.,|/2))d|/id|/2 

«ie.4l “2 6.42 7)^2 


( 6 . 6 ) 
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i.e ({ii(.,?/i),M2(.,?/2)) e A X^2 is a saddle point for j^j^J{ui{.,yi),U 2 {.,y 2 ))dyidy 2 . Hence 
we want to find ('Ui(., ^i),'U2(-, 2/2)) € x ^2 such that 


sup inf / J{ui{.,yi),U 2 {.,y 2 ))dyidy 2 = inf sup / J{ui{.,yi),U 2 {.,y 2 ))dyidy 2 

ui&A\ “26^2 j]g2 U2&A2 ui&Ai Jr2 



J(y.i(.,yi),U2(-,y2))dyidy2 


(6,7) 


where 



J{u{.,yi,y2))dyidy2 = E[ f{t,x{t,yi,y2),ui{t,yi),U2{t,y2),yi,y2)E[6Yi^Y2{yi,y2)\J^t\dt 

t/ M t/ M t/ 0 

+ 9ixiT,yYy2),yYy2)E[5Y^^Y2iyi,y2)\J^T]]dyidy2 (6.8) {J(u)} 


6.1 Situation 1: Both players are still maximising their own per¬ 
formance functional 

Choose gi = g = —92 and fi = f = —f 2 - Then by fl6.12l) the Hamiltonians are: 


and 


X, yi, y 2 , Ml, U 2 ,p, q, r) = x, 1 / 1 , 1 / 2 , wi, U 2 ,p, g, r, u) 

= ^dYi,Y2iyi^y2)\J^t]f{t,x,UYU2,yi,y2) + b{t,x,ui,U2,yuy2)p 

+ a{t,x,ui,U2,yi,y2)q+ / -f{t,x,ui,U2,yi,y2)r{t,C)i'{dC) 


H2{t, x, yi, y 2 , Ui,U 2 ,p, q, r) = H2{t, x, yi, 1/2, Mi, M2,P, q, r, u) 

= -E[5Y^y^{yi,y2)\J^t]f{t,x,ui,U2,yYy2) + 6(t, x, mi,M 2 ,2/i, 2 / 2 )^ 

+ (T(t,a:,Mi,M2,2/i,2/2)g+ / 7 (t, x, Mi, M2,2/1,2/2)?^(C C)j^(c^C) 


(6.9) {eq4.1l} 


(6.10) {eq4.12} 


Let Pi, qi, Vi, i = 1, 2 be as in (14.21) . 

Let us now state the necessary maximum principle for the zero sum game problem: 

Theorem 6.1 [Necessary maximum principle for zero-sum games] 

Assume the conditions of Theorem \5. 1\ hold. Then the following are equivalent: 

+ aPi,U 2 )\a=odyidy 2 = ^/r/r </(«!, ^2 + a/32)|a=od2/idi/2 = 0 for all 
bounded (3i G Ai of the form / 15.^) . 




dH^ 

dvi 


(t, x(t, 1/1 , 1 / 2 ), Ml , M 2 (t, 2 / 2 ), Pi (L 2 / 1 , 2 / 2 ), *?i (C 2 / 1 , 2 / 2 ), ^1 (C 2/1 , 2/2 , •))^ 2 / 2 ] HI=711 {t,yi) 


dH2 


(t, x{t, 1/1, yf) , U\{t, 2 / 1 ) , M2,, P 2 (t, 2 / 1 , 2 / 2 ), Q' 2 (C 2 / 1 , 2 / 2 ), ^ 2 (C 2 / 1 , 2/2 , •))^ 2 /i]h 2 =u 2 (4,2/2) 

( 6 . 11 ) 


Jr 5^^2 
= 0 Vf G [ 0 ,T], 2 /i, 2 / 2 - 


17 











Proof. This is a direct consequence of Theorem 15.11 


□ 


6.2 Situation 2: One of the players is maximising and the other 
is minimising the performance functional 

Let us now look at the problem with one performance functional common to both players, 
but where one of the players is maximising and the other is minimising it. Then we get just 
one Hamiltonian and just one BSDE, which is simpler to deal with. 

In this case the Hamiltonian H, is given by: 


H{t,x,yi,y2,Ui,U2,p,q,r) = H{t,x,yi,y2,Ui,U2,p,q,r,u) 

= ^SYi,Y2iyi^y2)\J^t]f{t,x,ui,U2,yi,y2) + b{t,x,ui,U2,yuy2)p 

+ a{t,x,ui,U 2 ,yi,y 2 )q+ / -f{t,x,ui,U 2 ,yi,y 2 )r{tX)i'{dC) (6.12) {eqll} 

Jr 

Moreover, there is only one triple {p, q, r) of adjoint processes, given by the BSDE 

f dp{t,yi,y2) = -^{t,yi,y2)dt + q{t,yi,y2)dB{t) + J^r{t,yi,y2,C)N{dt,dC)-, 0<t<T 

1 p{T,y) = g'{x{T,yl,y 2 ),yl,y 2 )^SY,,Y 2 iyl,y 2 )\J^T] 

(6.13) {eq4.12} 

We can now state the corresponding sufficient maximum principle for the zero-sum game: 

Theorem 6.2 (Sufficient maximum principle for the zero-sum game) 

Let (ui, U 2 ) e A 1 XA 2 with associated solution x{t, yi,y 2 ),p{t, yi, 2 / 2 ), ?(t, 2/i, 2 / 2 ), r{t, yi, ?/ 2 , C) 
of (13. 6 p and (I6.13p . Assume that the following holds: 


1. the function x —)■ g{x) is affine 

2 . 


sup / H{t, x{t, yi, 2 / 2 ), wi, Mt, 2 / 2 ),p(t, 2 / 1 , 2 / 2 ), g(L 2 / 1 , y 2 ),f{t, yi, 2 / 2 , ■))dy 2 


niGAi 


= / H{tffi{t,yi,y2),Ui{t,yi),U2{t,y2),p{t,yi,y2),q{t,yi,y2),r{t,yi,y2, ■))dy2 

Jr 

forallt,yi. (6.14) 


inf / H{t, x(t, yi, 2 / 2 ), wi(L yi),U2,p{t, yi, 2 / 2 ), g(L 2/i, y 2 ),r{t, 2/i, 2/2, ■))dyi 
u2eA2 



H{t,x{t,yi,y 2 ),Ui{t,yi),U 2 {t,y 2 ),p{t,yi,y 2 ),q{t,yi,y 2 ),f{t,yi,y 2 , ■))dyi 


for all t,y 2 . 


(6.15) 
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3. The function 


H{x) = sup / H{t,x,yi,y2,ui,U2{t,y2),pitiyuy2)A{t,yi,y2).,r{t,yi,y2,-))dy2 

Mie.4i Jr 

(6.16) 

is concave for all t,yi, 
and the function 

'H{.x) = inf / H{t,x,yi,y 2 ,ui{t,yi),U 2 ,v{t,yi,y 2 ),q{t,yi,y 2 ),f{t,yi,y 2 ,-))dyi 

U 2 &A 2 

(6.17) 

is convex for all t, y2- 

Then u(t, yi, 2/2) = {ui(t, yi),U2{t, 1/2)) is a saddle point for J{ui, U2). 

Let us now state the necessary maximum principle for the zero sum game problem: 

Theorem 6.3 [Necessary maximum principle for zero-sum games] 

Assume the conditions of Theorem \ 5 . 1 \ hold. Then the following are eguivalent: 

£/r/r'^(“i + aPi,U2)\a=odyidy2 = ^/r/r < 7 (ni, wa + a^2)\a=odyidy2 = 0 for all 
bounded ( 3 i G Ai of the form H 5 .S^) . 


dH 

dvi 


{t,x{t,yi,y2),Vi,U2{t,y2),Pi{t,yi,y2),qi{t,yi,y2),ri{t,yi,y2, ■))dy2]v^=upt,yi) 


dH 

dv2 


■ (f, x(t, yi, 1/2)) Ui(t, 1/1), V2 )) P2 (f) 2/1) 2/2)) ^2(^1 yii 2/2)) ^2(^5 2/1) 2/2) •))^ 2 /i]w2='ii2(i,j/2) 
= 0 Vf e [0 ,T],|/i,?/2. (6.18) 


7 Applications 

7.1 Optimal insider consumption under model uncertainty 

Suppose we have a cash flow with consumption, modelled by the process X{t, Y) = Y) 

dehned by: 

f dX{h y) = (a(t y) + /i(t 1^2) - C(f, Ti))X(f, Y)dt + / 3 (f, y)X{h y)dB{t) + 4 7 ( 2 , T, C)X(2, Y)N{dh dC, 

|X(0) = X > 0 

Here a{t, Y), /5(2, Y), 7 ( 2 , Y) are given coefficients, while c(2, Yi) > 0 is the relative consump¬ 
tion rate chosen by the consumer (player number 1 ) and /i(2, Y 2 ) is a perturbation of the 
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drift term, representing the model uncertainty chosen by the environment (player number 
2). Dehne the performance functional by 


J(c,p) = E[^ {log{c{t)X{t))+ + e log X{T)] (7.1) 

where 6* > 0 is a given constant and represents a penalty rate, penalizing p for being 

away from 0. We assume that c is Hhadapted, while p is H^-adapted. 

We want to hnd c* G Ai and p* G A 2 such that 

sup inf J(c, fj) = J{c* , fj.*). (7.2) {eqO.2} 

ceAi 

As before we rewrite this problem as a classical stochastic differential game with two 
parameters yi, y 2 . Thus we dehne, for y = (|/i, 2 / 2 ) ^ E x E, 

{ dx{t, y) = {a{t, y) + y{t, 2 / 2 ) - c(f, yi))x{t, y)dt + ^(f, y)x{t, y)dB{t) 

+ Llii^yX)x{t,y)N{dt,dC) (7-3) 

x(0, y) = X > 0 

and 

'7(c(.,?/i),/i(.,2/2)) 

= E[^ {\og{c{t,yi)x{t,y)) + y2)}E[(5y(2/)|-Fjdt + 6»logx(r, 2/)E[hy(y)| (7.4) 

The Hamiltonian for this problem is 


H{t,x,y,c,y,p,q,r) 

= {log(cx) + ^/i^}E[5y(2/)|Ji] + {a{t,y) + p - c)xp + P{t,y)xq + x 


i{t,yX)r{Odu{C) 

(7.5) 


and the BSDE for the adjoint processes p, q, r is 


dp{t, y) = -[^^Hdriy)\Xt\ + (a(t, y) + 2 / 2 ) - c{t, yi))p{t, y) 

+/5(t,p)g(f,p) + /jj7(f,p,C)r(C)di/(C)]dt g. |e 0 6| 

+q{t, y)dB{t) + /jg r(t, y)N{dt, dQ]Q<t<T ^ 

p{T,y) = ^■E[5y{y)\XT] 

Dehne 

hit,y) = p{t,y)x{t,y). (7.7) {eqO.7} 
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Then by the Ito formula we get 


dh{t,y) = x{t,y)[ -——E[5y(y)| J"*] - {a{t,Y) + y{t,Y 2 ) - c{t,Yi))p{t,y) - /3{t,y)q{t,y) 


x{t,y) 

l{t,yX)r{t,C)du{C)]dt 


+ P{t, Y) + Y 2 ) - c{t, Yi))x{t, y)dt + p{t, y)/3{t, y)x{t, y)dB{t) + x{t, y)q{t, y)dB{t) 

+ (i{t,y)^{t,y)x{t,y)dt 


+ / y) + 7(^, y, C)x{t, y)){p{t, y) + r(t, y, 0) - p{t, y)x{t, y) - p{t, yX{t, y, C)x{t, y) - x{t, y)r{t, y, (]( 

Jr 

(7.8) {eqO.8} 

+ [ y) + 7(i, y, 0x{t, y)){p{t, y) + r(t, y, ()) - p{t, y)x{t, y)]N{dt, dQ 


(7.9) 


= dF{t,y) + h{t,y)X't,y)dB{t) + h{t,y) / 'y{t,y,C)N{dt,dO), 

Jr 

where 

dF{t,y) = 

-K[6Y{y)\Ft]dt + x{t,y)q{t,y)dB{t)+x{t,y) [ r(t, ?/, C)(l + 7(^, ?/, C))^('^^, (7-10) 

7k 

To simplify this, we dehne the process k{t, y) by the equation 


dk{t,y) = k{t,y) b{t,y)dB{t) + / c{t,yX)N{dt,dC) 


(7.11) {eqO.ll} 


for suitable processes b,c (to be determined). 
Then again by the ltd formula we get 


d{h{t,y)k{t,y)) = h{t,y)k{t,y) b{t,y)dB{t) + / c{t,y,C)N{dt,dC) 


k{t,y) dF{t,y) + h{t,y)j3{t,y)dB{t) + h{t,y) / 'j{t,yX)N{dt,dC) 

L 7k -I 

(h(t, ?/)^(t, y) + x{t, y)q{t, y))k{t, y)b{t, y)dt 

y)l{i^ 7, C) + x{t, y)r{t, y, C)(l + 7 {t, y, C))k{t, y)c{t, y, C)N{dt, dQ 


yhit^ 7, C) + x{t, y)r{t, y, C)(l + 7 {t, y, () )k{t, y)c{t, y, C)di^X)dt 

(7.12) {eq0.12} 


Dehne 


u{t,y) := h{t,y)k{t,y). 


(7.13) {eqO.13} 
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Then the equation above can be written 


du{t, y) = u{t, y) / 7 (t, y, Qc{t, y, C,)dv{Qdt 


+ y) + y)]dB{t) + /5(t, y)h{t, y)dt + / {c(t, y, C) + 7(^, y, C) + c(t, y, C)7(^, y, f^C) 


^(^,y) dF{t,y) + x{t,y)q{t,y)b{t,y)dt+ / a:(t, 2/)r(t, y, C)c(t, y, C)(l + 7(^, y, 


+ / 2:(i,y)’^(i,y,C)c(t,y,C)(i + 7(^,y,C))^(t^^,t^C) 


(7.14) {eq0.14} 


Choose 


^(Cy) := -(d{t,y) 

7(Cy,C) 


c(t,0 := 


1 + 7(Cy,C) 

Then fl7.14p reduces to 

du{t, y) = f{t, y)dt + k{t, y)x{t, y)q{t, y)dB{t) 

+ [ y)rit, y, C)(l + lit, y, 0)[kit, y) + /c(t, y)c(t, y, C)]}Nidt, dQ, 


(7.15) {eq0.15} 


(7.16) {eq0.16} 


where 


fit,y) = -kit,y)E[SYiy)\Ft\ + uit,y)[ / 7(t, y, C)c(t, C)dz^(C) +/^(^, y)&(^, y)] 


Ht, y)xit, y)qit, y)bit, y) + fc(t, y) / x(t, y)r(t, y, C)c(t, y, C)(l + 7(^, y, C))di^iC) 

J M. 

(7.17) {eq0.17} 


Now define 


n(t,y) := A:(t, y)x(t, y)g(t, y) 
w;(t,y) := A:(t, y)x(t, y)r(t, y, C). 


(7.18) {eqO.18} 


Then from (I7.12p and (17.151) we get the following BSDE in the unknowns u, v, w: 


duit,y) =[ - k{t,y)E[dYiy)\Ft\-u{t,y)[ f ^ dz/(C) +/3^(t, y)] (7.19) {eq0.19} 


i + 7(Cy,C) 
- (3it,y)vit,y) - f -fit,y,C)wit,y,OdiyiC))dt 


+ vit,y)dBit) + / wit,y,C)Nidt,dC); 0<t<T 
Jm. 

w(T,y) =ekiT,y)E[6Yiy)\BT] 
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This is a linear BSDE which has a unique solution u{t, y) = p(t, y)x(t, y)k{t, y), v(t, y), w(t, y, Q. 

In particular, we may regard 

P{t,y)x{t,y) = (7.20) {eq0.20} 

k{t,y) 

as known. 

Maximizing Hdy 2 with respect to c gives the first order equation 



nSriym 


x{t,y)p{t,y)}dy 2 


0 , 


(7.21) 


i.e., 


c{t,yi) = c{t,yi) 


m^Y{y)\Hdy 2 

j^x{t,y)p{t,y)dy2 


Minimizing Hdyi with respect to p gives the first order equation 


(7.22) {eqO.22} 


{p{t,y2)E[5Y{y)\J^t] + x{t,y)p{t,y)}dyi = 0, 


(7.23) 


i.e. 


y{t,y 2 ) = p{t,y 2 ) 


Iux{t,y)p{t,y)dyi 


(7.24) {eqO.24} 


We can now verify that c, p satishes all the conditions of the sufficient maximum principle, 
and hence we conclude the following: 


Theorem 7.1 (Optimal consumption for an insider under model uncertainty) The 

solution {c*,p*) of the stochastic differential game (17.21) is given by 


and 


c\fY,) 


J^E[dY{y)\J^t\dy2\y,=Y^ 

I^x{t,y)p{t,y)dy2\y,=Yi' 


J^x{t,y)p{t,y)dyi\y^=Y2 
IuWY{y)\J^t]dyi\y^=Y2 ’ 


where h{t,y) = x(t,y)p(t,y) is given by (17.191) - (17.201) . 


(7.25) {eqO.25} 


(7.26) {eqO.26} 
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7.2 Optimal insider portfolio under model uncertainty 

Consider a financial market with two investment possibilities: 

• (i) A risk free investment possibility with nnit price So{t) = 1 for all t G [0, T] 

• (ii) A risky investment, where the nnit price S{t) = S{t, Y) is modelled by the (forward) 
SDE 


dS{t, Y) = S{t, Y)[{a{t, Y) + ^{t))dt + /3(t, Y)dB{t)]] 5(0) > 0. (7.27) 


Here a{t,Y), j3{t,Y) are given H-adapted coefficients, while /i(f) is a pertnrbation of the 
drift term, representing the model nncertainty chosen by the environment (player nnmber 

2 ). 

Snppose the wealth process X{t, Y) = Y) associated to an insider portfolio 7r(f, Y) 

(representing the fraction of the wealth invested in the risky asset) is given by: 


( dX{t, Y) = 7r(t, Y)X{t, y)[(a(t, Y) + fx{t))dt + (3{t, Y)]dB{t) 

'|x(o) = x > 0 

Dehne the performance fnnctional by 

J(7r, fi) = E[£ + 9{T, Y) log A(T)], 


(7.28) 


(7.29) 


where 9{T,Y) > 0 is a given "HT-measnrable random variable, and represents a 

penalty rate, penalizing jj for being away from 0. We assnme that tt is H-adapted, while ^ 
is F-adapted, i.e. has no inside information. 

We want to find tt* G Ai and jY G A2 snch that 


snp inf = inf snp = J(7r*,/i*). 

neAi fJ,£A2 tt^Ai 


(7.30) 


We rewrite this problem as a classical stochastic differential game with one parameter 
2/1 = 1 / G M. Thns we define 


dx{t,y) = Ti{t,y)x{t,y)[{a{t,y) + ii{t)]dt + l3{t,y)dB{t)] 
x(A,y) =x{y)>Q 


and 


(7.31) 


=®[y + eiogx(T,y)E\SY(v)AT\]- (7.32) 

The Hamiltonian for this problem is 

H{t,x,y,7r,fi,p,q) = ^/i^E[hy(y)| J)] 7 rx{a{t,y) + y)p + 7rx/3{t,y)q (7.33) 


{eqOO.l} 


{eqOO.2} 


{eqOO.3} 


{eqOO.4} 


{eqOO.5} 


{eqOO.6} 


{eqOO.7} 
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and the BSDE for the adjoint processes p, q is 


dp{t, y) = -[7r(t, ?/){(a(t, y) + y) + /3(t, y)q{t, y)}]dt + q{t, y)dB{t)Q <t<T 

p(r.!/) = ^ 2 >afj|)l£d, 

(7.34) {eqOO.8} 

Maximizing H with respect to tt gives the hrst order equation 


x{t, y{[{a{t, y) + y{t))p{t, y) + /3(t, y)q{t, y)] = 0. 

(7.35) 


Since x(t, p) > 0 and /3(f, y) ^ 0, we deduce that 



(a(f, y) + y{t))p{t, y) + /3(f, y)q{t, p) = 0 

(7.36) 


and 

(7.37) 


Hence 117.321) reduces to 



fdp(t,j;) = -°<‘gy>p(t.»)rf5(t) 

U(T,p) - 

(7.38) 

{eq00.12} 

Dehne 

^(^,y) = p{t,y)x{t,y). 

(7.39) 

{eq00.13} 

Then by the Ito formula we get 



idh{t,y) - {7T{t,y)(]{t,y) ^ 

\h{T,y) =p{T,y)x{T,y) = 0E[hy(p)| J-^]. 

(7.40) 

{eq00.14} 

This BSDE has the solution 

hit,y) = eE[6Yiy)\Bt]. 

Moreover, by the generalized Clark-Ocone formula we have 

(7.41) 

{eqOO.15} 

{T^{t,y)P{t,y) )h{t,y) = Dth{t) = eE[Dt6Y{y)\J^t\, 

(7.42) 

{eqOO.16} 


from which we get the following expression for our candidate 7r(f, y) for the optimal portfolio 


a{t,y) + y{t) E[Dt5Y{y)\Bt] 

ld‘^{t,y) ld{t,y)E[5Y{y)\Bty 


where fi{t) is the corresponding candidate for the optimal perturbation. 


(7.43) {eqOO.17} 
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Minimizing Hdy with respect to /i gives the following hrst order equation for the 
optimal 


+ ^{t,y)x{t,y)p{t,y)}dy = 0, 


(7.44) 


i.e., 


Ki) = 


J^n{t,y)x{t,y)p{t,y)dy 

J^x{t,y)p{t,y)dy 


7r{t,y)E[6Y{y)\J^t\dy. 


(7.45) {eqOO.19} 


We can now verify that (vr, fi) satishes all the conditions of the sufficient maximum 
principle, and hence we conclude the following: 

Theorem 7.2 (Optimal portfolio for an insider under model uncertainty) The sad¬ 
dle point {7r*(t,Y), y*{t)), where = 7r*(t,y)\y=Y, of the stochastic differential game 

fl7.28p is given by the solution of the following coupled system of eguations 


a{fy) + y*{t) E[Dt5Y{y)\J^t] 

TT [t,y) = - ^777^ —^-h 




f{fy)E[SY{ym 


and 


= - / '^*it,y)E[6Y{y)\J^t]dy. 


Remark 7.3 This result is an extension to insider trading of a result in , 0S4 f 
Consider the special case when T is a Gaussian random variable of the form 

Y = Y{Tq)-, where Y{t) = j 'f{s)dB{s), for t G [0,To] 

Jo 

for some deterministic function /3 G L^[0,To] with 


2 

[0,T] 


fj^sYds > 0 for all t G [0,T]. 


In this case it is well known that the Donsker delta functional is given by 

{Y-yr\ 


dyiy) = (27ru) 2 exp' 


2v 


where we have put v := 

E|<5y(!/) 1.^.1 = (MmlM 

and 


See e.g. |Aa0U] . Proposition 3.2. We have 

iyit)-y)\ 


exp[ 


211^11 


lt,To] 


E[Dt6Y{y)\J^t] = 


2|1^P 


[t,To]^ 


2 

[t,To] 


For more details see Dr0 . 


(7.46) {eq00.20} 


(7.47) {eq00.2l} 


(7.48) {eqY} 


(7.49) 


(7.50) 


(7.51) 


(7.52) 
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Corollary 7.4 Suppose that Y is Gaussian of the form 1^7. f 8^ . Then the saddle point 
{7r*{t,Y), p*{t)), where 7r*{t,Y) = n*{t,y)\y=Y, of the stochastic differential game fl7.28p 
is given by the solution of the following coupled system of eguations 


7r*(t,F) 


a{hy)+^^\t) Y{T,)-Y{t) 


(7.53) {eq00.20} 


and 


y*{t) = 2 


exp[ 


{yjt) - yf 


V*{t,y)dy- 


(7.54) {eq00.2l} 


Corollary 7.5 Suppose thatY = B(Tq) for someT^ > T. Then the saddle point {7r*{t,Y), fi*{t)), 
where 7r*{t,Y) = 7i*{t,y)\y=Y, of the stochastic differential game fl7.28p is given by the solu¬ 
tion of the following coupled system of eguations 


and 


^ a{t:y)+T{t) , B{To)-B{t) 

^Y^y) = --+ o(+ -77^ 0<t<T 

rit^y) /d{t,y){To-t) 


y*{t) = -6{27r{To-t)) 2 f — ^]7T*{t,y)dy; 0<t<T. 


(7.55) {eq00.20} 


(7.56) {eq00.2l} 
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